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Motivated by recent discovery of canted ferromagnetism in Tsai-type approximants Au-Si-RE (RE = Tb, Dy, Ho), we
propose a phenomenological magnetic model reproducing their magnetic structure and thermodynamic quantities. In the
model, cubic symmetry (m¯3) of the approximately-regular icosahedra plays a key role in the peculiar magnetic structure
determined by a neutron diffraction experiment. Our magnetic model does not only explain magnetic behaviors in the
quasicrystal approximants, but also provides a good starting point for the possibility of coexistence between magnetic
long-range order and aperiodicity in quasicrystals.
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Since the astonishing discovery of quasicrystals (QCs) in
1982,1, 2 a question whether a long-range ordered state is
allowed in aperiodic systems or not has been intensively
investigated for three decades. However, several preceding
studies on magnetic properties at low temperatures in QCs
have shown the difficulty of obtaining the long-range ordered
state,3, 4 although there has been the theoretical prediction
that a simple antiferromagnetically-ordered state is allowed in
body-centered icosahedral QCs.5 Since the absence of long-
range order has estranged QCs from a variety of applications,
ordered states are long-awaited to be obtained in QCs.6
Besides QCs, resent works have shown that some icosa-
hedral approximants exhibit superconductivity7 and (anti-
)ferromagnetism.8, 9 The approximants contain the Tsai-
type10 cluster (Fig. 1(a)) composed of several polyhedral
shells (Fig. 1(b)) including an icosahedral shell. The clusters
form body-centered cubic (bcc) structure (Fig. 1(c)) by shar-
ing a hexagonal surface of the outermost polyhedral shell (a
distorted rhombic triacontahedron). As a result, the clusters in
the approximants are just slightly distorted in contrast to those
in the Tsai-type QCs. Since the approximants can be treated
with conventional analysis in periodic crystals but have the
same local structure as QCs, the discovery of the long-range
order mechanism will indicate the possibility of ordered states
in QCs. Clarifying the mechanism of ferromagnetism is thus
a starting point of solving the long-standing problem in QCs.
Among icosahedral approximants, canted ferromagnetism
has recently been reported in Au-Si-REs (RE = Tb, Dy, Ho),9
which have the same space group as Au-Si-Gd exhibiting sim-
ple ferromagnetism.11 The compound Au-Si-RE and Au-Si-
Gd have locally the same structure as the Tsai-type QCs,12
where magnetic moment is represented as the total angular
momentum of localized f-electrons with a strong spin-orbit
coupling in rare-earth ions located at vertices of icosahedra
(see Fig. 1(b)). The RE ion has angular momentum in f-
electron orbit but the Gd ion does not. This difference should
explain the presence of the canted ferromagnetism in Au-Si-
RE.
In this Letter, we examine magnetic behaviors in icosa-
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hedral approximants Au-Si-RE. Taking into account strong
spin-orbit coupling coming from finite angular momentum in
RE and the Ruderman-Kittel-Kasuya-Yosida (RKKY) inter-
action,13–15 we construct a phenomenological magnetic model
Hamiltonian. Their parameter values are determined by re-
producing the magnetic susceptibility and the magnetization
curve. It is also found that cubic (m¯3) symmetry of icosa-
hedral clusters in bcc structure determines the direction of
single-ion anisotropy (SIA). Putting these values into our
model, we obtain magnetic structure consistent with recent
neutron diffraction experiment.16 Our magnetic model that
explains magnetic behaviors in the Tsai-type approximants
will give a hint for the magnetic order in QCs.
To discuss the magnetic behaviors in Au-Si-RE, we con-
sider three-types of magnetic interactions in a classical vector
spin model: the SIA term caused by spin-orbit coupling, the
RKKY interaction induced by the s-f coupling, and the Zee-
man term. A resulting Hamiltonian reads
H = −D
∑
i
(
ˆdi · Si
)2 −
∑
〈i, j〉
J〈i, j〉Si · S j − µeffH
∑
i
ˆh · Si, (1)
where Si is the unit-length vector of spin with SO(3) on the
i-th RE site, D is the SIA energy of the spin projected to the
direction of SIA with the unit vector ˆdi, J〈i, j〉 is the RKKY
exchange energy between neighboring RE sites ri and r j, µeff
is the effective magnetic moment of the spin, and H is the
magnitude of the magnetic field applied to the direction ˆh
(| ˆh| = 1).
Assuming the isotropic Fermi wavenumber kF under the
free Fermi gas approximation and the bond length |ri − r j|
estimated by crystal structure, the RKKY exchange energy
may be given by J〈i, j〉 = J f (2kF |ri − r j|) with J > 0 and
f (x) = (−x cos x + sin x)/x4. In Au-Si-RE, four lengths of ten
neighboring sites around a RE site, rb, ry, rr, and rg, shown
in Fig. 1(c), are similar and are expected to predominantly
contribute to the RKKY interaction. The corresponding ener-
gies are denoted by Jα = J f (2kFrα) with α = b, y, r, g here-
after. The value of kF can be estimated from the Fermi gas
approximation, kF = (3pi2n)1/3 with the density of free elec-
trons n = 0.100 Å−3 (Au-Si-Tb), 0.098 Å−3 (Au-Si-Dy), and
1
J. Phys. Soc. Jpn.
0.098 Å−3 (Au-Si-Ho), respectively.17 Taking into account the
lattice constant for RE= Tb, Dy, Ho,9 kF is obtained as shown
in Table I.
In order to describe magnetic properties in Au-Si-RE by
(1), we have to determine RE-dependent parameter values of
D, J, and µeff , together with the direction of ˆdi. We will de-
scribe the procedure to determine them below.
To introduce the cubic symmetry of the approximants into
our model, we assume that the SIA unit vector ˆdi satisfies fol-
lowing rules based on the three-fold rotational, inversion, and
also translational symmetries (C3, σ, andK) in the crystalline
point group m¯3, except for the five-fold rotational symmetry
in a regular icosahedron.
Rule 1. The translational symmetry, which projects a RE site
onto an equivalent site in another icosahedron, keeps the
SIA vectors invariant: T : ri → r j ⇒ ˆdi = ˆd j.
Rule 2. In an icosahedron, the SIA vector follows the three-
fold rotational and inversion symmetries: C3 : ri →
r j ⇒ ˆd j = C3( ˆdi) and σ : ri → r j ⇒ ˆd j = σ( ˆdi).18
The rule 2 is natural since the local spin anisotropy would be
determined by surrounding crystal field. By the rules, three
SIA vectors and their inversion are allowed. An important
feature of the SIA vectors is that their rotational degree of
freedom is restricted in a rotational plane due to the inversion
symmetry,19 that is, the SIA vector has a degree of freedom
associated with a global SO(2) rotation in our model. Suppose
the direction of the anisotropy is locally determined at a cer-
tain site, then the others are automatically fixed by the rules
based on crystalline symmetry operators C3, σ, and T . Fig-
ure 1(d) shows an example of possible SIA vectors satisfying
the rule 2 in an icosahedron with the crystalline symmetries
C3 and σ, where the SIA vectors are parallel to each other in
the same plane, and perpendicular to each other in the other
planes. We will determine the SIA vectors in real Au-Si-RE
by comparing theoretical spin structure with experimental one
by the neutron diffraction.16 The example shown in Fig. 1(d)
is actually the case of real Au-Si-RE as discussed below.
The magnetic susceptibility in the effective Hamiltonian is
given by,
χ(β) = 1
β
∂2 ln Tr[e−βH ]
∂H2
∣∣∣∣∣∣
H→0
(2)
where Tr[· · · ] represents an integral over the spin coordinates∏
i
∫
DSi · · · , and β = 1/kBT is an inverse temperature with
the Boltzmann factor kB. With this equation, we can obtain
a high-temperature expansion of the magnetic susceptibility
within the third order of β,
χ(β) = χ(1)β + χ
(2)
2!
β2 +
χ(3)
3! β
3
+ O(β4) (3)
with
χ(1) =
Nµ2
eff
3 , χ
(2)
=
2Nµ2
eff
9 (4Jb + Jy + 4Jr + Jg),
χ(3) =
4Nµ2
eff
9 [6J
2
b + 6J
2
r + 16JbJr + JyJg + 4(Jb + Jr)(Jy + Jg)],
(4)
where N is the number of RE sites. It is interesting to no-
tice that the SIA term (D) does not appear in the magnetic
susceptibility within the third order of β. The disappearance
of the SIA contribution originates from three orthogonal SIA
axes preserving the cubic symmetry. Consequently, the sus-
ceptibility in our model is independent from the direction of
applied magnetic field at high temperatures. It also concludes
that there is no difference in the high-temperature susceptibil-
ities of a single crystal and a polycrystal of Au-Si-RE. Thus,
the proposed model for Au-Si-RE is an interesting example,
for which the high-temperature susceptibility does not depend
on the axis of an applied field in spite of the presence of the
easy axis of the magnetic moment.
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Fig. 2. (Color online) (a) The comparison of high-temperature-expansion
susceptibility given by Eqs. (3) and (4) with the experimental data (diamonds)
of Au-Si-Tb.9 The fitting to the experimental data up to the third order of
β is shown. The values of J and µeff listed in Table I are obtained from the
fitting. (b) The comparison of calculated high-field magnetization curve (sold
line) with experimental data (diamonds) of Au-Si-Tb.9 The SIA energy D is
estimated by comparing of the model and the experiment at high magnetic
fields. The inset represents the magnetization curves with magnetic fields ˆh ‖
[100] and ˆh ‖ [111], as compared with the polycrystalline case.
Since high-temperature magnetic susceptibility depends on
the RKKY interactions and the effective magnetic moment,
we can estimate the magnitude of J and µeff by fitting Eq. (3)
to the experimental data of Au-Si-RE.9 Figure 2(a) shows the
experimental data and fitted results for RE=Tb, where the
fitting is performed with increasing the order of β by using
Eq. (4). The evaluated value of J for Au-Si-Tb is 12,000 K,
resulting in Jb = 3.0 K, Jy = 3.2 K, Jr = 3.2 K, and Jg = 1.9 K
,i.e., 1.9K ≤ Jα ≤ 3.2K (α = b, y, r, g) as shown in Table I.
The value of the effective magnetic moment is µeff = 10.1µB
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Fig. 1. (Color online) Tsai-type cluster and crystal structure of Au-Si-RE. (a) Tsai-type cluster constructed by five polyhedral shells.? (b) The polyhedra
from left to right are arranged from the inside to the outside, respectively. Among the polyhedra, only icosahedral vertices have RE ions. In Tsai-type CQs
and approximants, the Tsai-type cluster shares a hexagonal surface of the outermost polyhedral shell (a distorted rhombic triacontahedron) with a neighboring
cluster. (c) Body-centered crystal of RE icosahedra. Ten-neighboring sites exist around a RE site, and the neighboring bonds are classified into four types
according to length: rb=5.50 Å, ry=5.42 Å, rr=5.42 Å, and rg=5.72 Åfor Au-Si-Tb, rb=5.51 Å, ry=5.43 Å, rr=5.43 Å, and rg=5.73 Åfor Au-Si-Dy, rb=5.51 Å,
ry=5.43 Å, rr=5.42 Å, and rg=5.73 Åfor Au-Si-Ho. (d) The SIA vectors and crystalline symmetries in an icosahedron. There are three inversion (σa , σb and
σc) and four three-fold rotational symmetry (C3) operators. The SIA vectors denoted by arrows on vertices are obtained by comparing theoretical spin structure
with experimental one and by applying the rule 2 mentioned in the main text.
for Au-Si-Tb. We also obtain the values of J (Jα) and µeff for
Au-Si-Dy and for Au-Si-Ho (see Table I), by fitting the exper-
imental susceptibility data with Eq. (3) (not shown).
It is interesting to compare µeff estimated from experi-
mental data with the effective moment µSI
eff
in an isolated
single ion of RE, the latter of which is given by µSI
eff
=
µBgL
√
Ltot(Ltot + 1) , where the Lande´ g factor gL = 1 +
[Ltot(Ltot+1)+Lspin(Lspin+1)−Lorb(Lorb+1)]/[2Ltot(Ltot+1)]
with the orbital, spin, and total angular momenta, denoted by
Lorb, Lspin, and Ltot, respectively. We find that µeff is equal to
µSI
eff
within an error of 5 percent as seen in Table I. This im-
plies that single-ion character in RE is strongly preserved in
Au-Si-RE as expected.
As shown in Fig. 2(b), the experimental magnetization
curves of Au-Si-RE9 do not saturate up to 9 T, which is larger
than the estimated maximum RKKY exchange energy (3.2 K
( 0.47 µeffk−1B T) as shown in Table I). This implies that the
high-field magnetization is not controlled by the RKKY in-
teraction but another energy scale coming from the SIA en-
ergy. Hence, we can estimate the SIA energy D from high-
field magnetization curves by assuming that the ground state
at high magnetic fields can be described by the SIA and Zee-
man terms. In this assumption, an angle between a local spin
and the direction of the magnetic field, θi = cos−1( ˆh · Si),
which is dependent on the strength of the magnetic field H, is
obtained as a solution of a following variational equation,
∂H
∂θi
 −D sin[2(αi − θi)] + µeffH sin θi = 0, (5)
where αi = cos−1( ˆh · ˆdi).
With a solution of spin angles as a function of the mag-
netic field θi(H), the magnetization curve is obtained as a sum
of spin inner-product components, M(H) = µeff ∑i cos θi(H).
The magnetization curve of a single crystal is anisotropic with
respect to the orientation of the magnetic field, e.g., the mag-
netization curves with magnetic fields parallel to [100] di-
rection and the case of [111] direction shown in the inset of
Fig. 2 (b). To compare the mganetization curve measured for
polycrystalline samples of Au-Si-RE, we numerically inte-
grate the magnetic moments M(H) over whole direction of
ˆd, where 10,000 ˆd samples are taken into account keeping the
icosahedral structure, at a fixed magnetic field. We fit the inte-
grated magnetization curves on the experimental data at high
magnetic fields (see Fig. 2 (b)). Since the integrated magne-
tization curve is isotropic under the rotation of the magnetic
field: R : ˆh → ˆh′, the direction of the SIA vectors cannot be
determined by the comparison. However, we can find a big
anisotropy in the magnetization curves of the single crystal,
and thus propose how to clarify the direction of the SIA vec-
tors by using the magnetization curves.
Table I shows estimated SIA energies in our model ob-
tained from high-field magnetization. As expected, the SIA
energies are much larger than the RKKY energies in Au-Si-
RE and thus are dominant contribution in our magnetic model.
In contrast to Au-Si-RE, such a large SIA energy cannot be
expected in Au-Si-Gd, since Gd ion exhibits zero orbital an-
gular momentum. This would be the origin of the difference
of magnetic behaviors between Au-Si-RE9 and Au-Si-Gd,11
the latter of which exhibits simple ferromagnetism. Therefore,
the cubic symmetry of the SIA vectors in the RE icosahedra,
rather than the slight difference in the distance between RE
sites in the icosahedron, plays a key role to generate the mag-
netic structure.
The spin structure in Au-Si-Tb at a low temperature has
3
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Table I. Estimated parameters in the effective model. The effective magnetic moment µeff and the RKKY constant J are obtained by comparing the calculated
susceptibility with experimental ones for Au-Si-RE (RE = Tb, Dy, Ho) at high temperatures. For comparison, the magnetic moment µSI
eff
from an isolated RE
ion is also listed. The effective RKKY energies Jα (α = b, y, r, g) between four-types of neighboring bonds are obtained by the RKKY constant J, the bond
lengths rα, and the Fermi wavenumber kF for each materials and the minimum and maximum value among Jα is listed. The SIA energy D is estimated by
comparing calculated magnetization curves with experimental ones.
Compound µeff [µB] µSIeff [µB] kF [Å−1] RKKY constant J [K] RKKY energies Jα [K] SIA energy D [K]
Au-Si-Tb 10.1 9.7 1.44 12,000 1.9 - 3.2 120
Au-Si-Dy 11.1 10.6 1.43 6,000 1.0 - 1.6 130
Au-Si-Ho 10.6 10.6 1.43 3,500 0.6 - 0.9 60
been reported by using a neutron diffraction experiment.16
The experiment has shown orthogonal ferromagnetism on
three sublattices in Tb sites. In order to clarify whether such
three-sublattice ferromagnetism is possible or not in our mag-
netic model, we investigate the spin configuration in the
ground state by using the simulated-annealing (SA) method,
through which the direction of SIA is determined. The SA
calculation with 106 steps of the annealing is done for the
10 × 10 × 10 unit cells, including 2 icosahedral clusters per
cell, under periodic boundary conditions. We confirm that the
ground-state energy per site converges to 122.93 K, which is
close to the sum of the SIA energy D and the intra-plane ef-
fective RKKY energy per site (Jy + Jg)/2.
Figure 3 shows a resulting ground-state spin structure on an
icosahedral cluster, where the spin moment on Tb ion denoted
by the magnitude of the arrows is obtained by averaging over
the equivalent 1000 sites and its averaged value equals µeff
within an error of 3 × 10−3 percent. We can find orthogonal
ferromagnetism on three sublattices, where four spins on the
same plane arranged nearly ferromagnetically. This is con-
sistent with the neutron diffraction experiment.16 Such nearly
in-plane ferromagnetism in our model is supported by a small
skew angle of spin, 〈cos−1 ˆdi · Si〉 = 0.054 ± 0.014, which is
roughly given by sin−1(4〈J〉/D) ∼ 0.08 with the inter-plane
effective RKKY energy per site 〈J〉 = (Jb + Jr)/2. In our
model, the three-sublattice structure is caused by the original
crystal structure in Au-Si-RE, where the five-fold rotational
symmetry is broken in the space of the SIA vectors in icosa-
hedral RE clusters. Since the proposed Hamiltonian can re-
produce various magnetic properties, it would be a minimal
model to describe the physics of magnetism in the Tsai-type
rare-earth approximants.
In summary, we have investigated a phenomenological
magnetic model to reproduce the experimental results in Au-
Si-RE (RE = Tb, Dy, Ho). The model is based on a large
spin-orbit coupling and the RKKY interactions between lo-
calized spins at the rare-earth sites. The magnetic suscepti-
bility and magnetization curves are used to estimate the pa-
rameters in our model. The estimated energies of the single-
ion anisotropy are much larger than estimated RKKY inter-
actions. We confirm that the dominant single-ion anisotropy
induces the orthogonal ferromagnetism on three-sublattice
structure at low temperatures by employing the simulated-
annealing method.20 Since the three-sublattice structure orig-
inates from the crystal structure of the approximately-regular
icosahedra, the orthogonal ferromagnetism is common to
the Tsai-type rare-earth approximants, where the single-ion-
anisotropy vectors in the rare-earth icosahedra break the five-
fold rotational symmetry. If the five-fold rotational symmetry
a
b
c
Fig. 3. (Color online) Calculated spin structure on an icosahedral cluster
obtained by the SA simulation for 10 × 10 × 10 unit cells. The black arrows
represent the spin moment averaged over the equivalent 1000 sites. There
are ferromagnetic spin structures on a-b, b-c, and c-a planes. This orthogonal
ferromagnetism forming three-sublattice structure is consistent with the neu-
tron diffraction experiment within an experimental error.16 The SIA vectors
are fixed by using the global rotational degree of freedom, corresponding to
the experimental result of the neutron diffraction.16 The average of skewed
angles 〈cos−1 ˆdi · Si〉 = 0.054 ± 0.014 is also consistent with the experiment.
is kept, which may correspond to the situation of the Tsai-type
quasicrystal, the axes of the single-ion anisotropy are grouped
into 6 types at least. In the real quasicrystals, the crystal fields
have also several variations reflecting on the local structures,
which should group the anisotropy into more various cate-
gories. For this reason, the magnetism in quasicrystals may
have a locally-freezing moment along the anisotropy catego-
rized by the local symmetries, which is expected to exhibit a
glass-like behaviors.
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